On N = 2 superfield for N = 2 vector supermultiplet in two dimensional
  spacetime by Shima, Kazunari & Tsuda, Motomu
ar
X
iv
:0
80
2.
03
38
v3
  [
he
p-
th]
  3
 M
ar 
20
08
SIT-LP-08/01
January, 2008
On N = 2 superfield for N = 2 vector supermultiplet
in two dimensional spacetime
Kazunari Shima ∗ and Motomu Tsuda †
Laboratory of Physics, Saitama Institute of Technology
Fukaya, Saitama 369-0293, Japan
Abstract
We focus on the superfield formulation for a N = 2 vector supermultiplet
in two dimensional spacetime and explicitly show that the Wess-Zumino gauge
condition for a N = 2 superfield is compatible with familiar SUSY (plus U(1)
gauge) transformations for the vector supermultiplet. N = 2 SUSY invariant
mass and Yukawa interaction terms for the vector supermultiplet are also
constructed from the superfield explicitly in addition to a free (kinetic) action.
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Superfield formulation in superspace gives systematic understandings for various su-
persymmetric (SUSY) field theories (for further references on superfields, see [1, 2]).
In two dimensional spacetime (d = 2), superfields were constructed in the context
of discussing classical solutions for SUSY field theories [3], e.g. N = 1 and N = 2
superfields for vector supermultiplets are given as a spinor and a scalar, respectively.
Moreover, a realistic SUSY model can be constructed by N ≥ 2 SUSY in the SGM
scenario [4], where we have found [5, 6] the relation (equivalence) between a non-
linear (NL) SUSY model [7] and linear SUSY interacting field theories in d = 2.
In order to study systematics in the linearization of N ≥ 2 NLSUSY (for SUSY
interacting field theories), it is important to know the details of N ≥ 2 superfield
formulation.
In this letter, we focus on the superfield formulation for the N = 2 vector
supermultiplet in d = 2 and discuss on the basics in detail. Based on the d = 2,
N = 2 superfield [3], we explicitly show that the Wess-Zumino (WZ) gauge condition
is compatible with familiar SUSY (plus U(1) gauge) transformations for the vector
supermultiplet. N = 2 SUSY invariant mass and Yukawa interaction terms for the
vector supermultiplet are also constructed from the superfield explicitly in addition
to a free (kinetic) action.
Let us first introduce the following N = 2 superfield in d = 2 [3] on superspace
coordinates (xa, θiα),
‡
V(x, θi) = C(x) + θ¯iΛi(x) +
1
2
θ¯iθjM ij(x)−
1
2
θ¯iθiM jj(x) +
1
4
ǫij θ¯iγ5θ
jφ(x)
−
i
4
ǫij θ¯iγaθ
jva(x)−
1
2
θ¯iθiθ¯jλj(x)−
1
8
θ¯iθiθ¯jθjD(x), (1)
where the component fields are denoted by (C,D) for two scalar fields, (Λi, λi)
for four spinor fields, φ for a pseudo scalar field, va for a vector field, and M ij =
M (ij)
(
= 1
2
(M ij +M ji)
)
for three scalar fields (M ii = δijM ij), respectively. Under
superspace translations,
x′a = xa + iζ¯ iγaθi, θ′iα = θ
i
α + ζ
i
α, (2)
the superfield (1) transforms as
δζV(x, θ
i) = ζ¯ iQiV(x, θi) (3)
‡Minkowski spacetime indices in d = 2 are denoted by a, b, · · · = 0, 1 and SO(2) internal indices
are i, j, · · · = 1, 2. The Minkowski spacetime metric is 1
2
{γa, γb} = ηab = diag(+,−). As for the
conventions in d = 2 for the γ matrices etc., for example, see [8].
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with supercharges
Qiα =
∂
∂θ¯αi
+ i6∂θiα, (4)
satisfying {Qiα, Q
j
β} = −2δ
ij(γaC)αβPa. The superfield transformation (3) gives
SUSY transformations for the component fields as,
δζC = ζ¯
iΛi,
δζΛ
i = −i6∂Cζ i +M ijζj −M jjζ i +
1
2
ǫijφγ5ζ
j −
i
2
ǫijv · γζj,
δζM
12 = ζ¯ (1λ2) − iζ¯ (16∂Λ2),
δζM
11 = ζ¯1λ1 + iζ¯26∂Λ2, δζM
22 = ζ¯2λ2 + iζ¯16∂Λ1,
δζφ = ǫ
ij(−ζ¯ iγ5λ
j − iζ¯ iγ56∂Λ
j),
δζv
a = ǫij(−iζ¯ iγaλj − ζ¯ i6∂γaΛj),
δζλ
i = −i6∂M ijζj −
i
2
ǫijγ56∂φζ
j −
1
2
ǫijγa6∂v
aζj +Dζ i,
δζD = −iζ¯
i6∂λi. (5)
Next following the ref.[1] we define the SUSY generalization of a gauge transfor-
mation of V(x, θi) as
δgV = Φ
1 + αΦ2, (6)
where α is an arbitrary real parameter, and Φi are generalized gauge parameters in
the form of N = 2 scalar superfields for a N = 2 scalar supermultiplet [8],
Φi(x, θi) = Bi(x) + θ¯iχ(x)− ǫij θ¯jν(x)−
1
2
θ¯jθjF i(x) + θ¯iθjF j(x)− iθ¯i6∂Bj(x)θj
+
i
2
θ¯jθj(θ¯i6∂χ(x) − ǫikθ¯k 6∂ν(x)) +
1
8
θ¯jθj θ¯kθk✷Bi(x) (7)
with the component fields being denoted by Bi for two scalar fields, (χ, ν) for two
spinor fields and F i for two auxiliary scalar fields. (The gauge transformation (6)
may be recasted by using the ordinary (covariant) derivative as for the spinor-
superfield case [3].) The explicit component form of the gauge transformation (6)
is
δgC = B
1 + αB2,
δgΛ
1 = χ+ αν, δgΛ
2 = αχ− ν,
δgM
12 = αF 1 + F 2,
δgM
11 = F 1 − αF 2, δgM
22 = −F 1 + αF 2,
3
δgφ = 0,
δgv
a = −2∂a(αB1 −B2),
δgλ
1 = −i6∂(χ + αν), δgλ
2 = −i6∂(αχ − ν),
δgD = −✷(B
1 + αB2). (8)
Note that va transforms as an Abelian gauge field and, in addition to φ, M ii is a
gauge invariant quantity (δgM
ii = 0). By using the gauge freedoms of (Bi, χ, ν,
F i) in Eq.(8), we take the WZ gauge [3],
C = 0, Λi = 0, M12 = 0, M11 −M22 = 0, (9)
and the superfield (1) is rewritten in terms of A =M ii. Then, the generalized gauge
transformations (8) become the ordinary ones,
δgA = δgM
ii = 0,
δgφ = 0,
δgv
a = −2∂a(αB1 −B2),
δgλ
i = 0,
δgD = 0, (10)
where the gauge parameters of va are essentially one parameter because one of them
is used by C = 0 in Eq.(9). The superfield (1) also reduces to [9]
V (x, θi) = V(x, θi)|WZ gauge
= −
1
4
θ¯iθiA(x) +
1
4
ǫij θ¯iγ5θ
jφ(x)−
i
4
ǫij θ¯iγaθ
jva(x)−
1
2
θ¯iθiθ¯jλj(x)
−
1
8
θ¯iθiθ¯jθjD(x). (11)
The WZ gauge (9) is violated by the SUSY transformations (5). Therefore, we
consider modified SUSY transformations (for example, see [10]),
δ˜ζ = δζ + δg. (12)
in order to maintain the WZ gauge condition under Eq.(12). For the eliminated
component fields by Eq.(9), the modified SUSY transformations (12) are written as
δ˜ζC = B
1 + αB2,
4
δ˜ζΛ
1 = −Aζ1 +M11ζ1 +
1
2
φγ5ζ
2 −
i
2
v · γζ2 + χ+ αν,
δ˜ζΛ
2 = −Aζ2 +M22ζ2 −
1
2
φγ5ζ
1 +
i
2
v · γζ1 + αχ− ν,
δ˜ζM
12 = ζ¯ (1λ2) + αF 1 + F 2.
δ˜ζ(M
11 −M22) = ζ¯1λ1 − ζ¯2λ2 + 2(F 1 − αF 2), (13)
and we impose
δ˜ζC = 0, δ˜ζΛ
i = 0, δ˜ζM
12 = 0, δ˜ζ(M
11 −M22) = 0, (14)
i.e.
B1 + αB2 = 0,
χ + αν = Aζ1 −M11ζ1 −
1
2
φγ5ζ
2 +
i
2
v · γζ2,
αχ− ν = Aζ2 −M22ζ2 +
1
2
φγ5ζ
1 −
i
2
v · γζ1,
αF 1 + F 2 = −ζ¯ (1λ2),
F 1 − αF 2 = −
1
2
(ζ¯1λ1 − ζ¯2λ2). (15)
Substituting these (in particular, the first three equations in Eq.(15)) into Eq.(12)
for the remaining component fields (va, λi, A, φ, D) gives the familiar SUSY trans-
formations for the d = 2, N = 2 vector supermultiplet [5] plus the U(1) gauge
transformation of va,
δ˜ζA (= δ˜ζM
ii) = ζ¯ iλi,
δ˜ζφ = −ǫ
ij ζ¯ iγ5λ
j ,
δ˜ζv
a = −iǫij ζ¯ iγaλj − 2∂a(αB1 −B2),
δ˜ζλ
i = (D − i6∂A)ζ i +
1
2
ǫabǫijFabγ5ζ
j − iǫijγ56∂φζ
j,
δ˜ζD = −iζ¯
i6∂λi, (16)
where Fab = ∂avb − ∂bva, and −2(αB
1 − B2) is the gauge parameter for the U(1)
gauge. The SUSY transformations (16) satisfy a closed commutator algebra
[δ˜ζ1 , δ˜ζ2 ] = δP (Ξ
a) + δg(θ), (17)
where δP (Ξ
a) means a translation with a generator Ξa = 2iζ¯ i1γ
aζ i2, and δg(θ) is the
U(1) gauge transformation with a generator θ = −2(iζ¯ i1γ
aζ i2 va−ǫ
ij ζ¯ i1ζ
j
2A− ζ¯
i
1γ5ζ
i
2φ),
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which appears in the commutator for va. As is shown below, actions (Eqs. from
(20) to (22)) constructed from the superfield (11) are also SUSY and U(1)-gauge
invariant under Eq.(16). Therefore, the superfield (1) reduces to Eq.(11) in the WZ
gauge (9) with the well-defined SUSY and U(1) gauge transformations (16) without
violating the valance between the bosonic and fermionic degrees of freedom. In the
above arguments, when α = 1 the symmetrization of the indices forM12 is manifest,
while when α = ±i the U(1) gauge transformation is not induced in Eq.(16).
Let us evaluate SUSY invariant (renormalizable) actions for the N = 2 vector su-
permultiplet [5], which are constructed from the superfield (11) with the component
fields (va, λi, A, φ,D). By using differential operators in N = 2 superspace,
Diα =
∂
∂θ¯αi
− i6∂θiα, (18)
we define the following scalar and pseudo scalar superfields,
W ij = D¯iDjV, W ij5 = D¯
iγ5D
jV. (19)
Then, the free (kinetic) action is obtained from W ij and W ij5 as
SV 0 =
1
4
∫
d2x
[∫
d2θi
1
8
(DjW klDjW kl +DjW kl5 D
jW kl5 ) +
1
4
∫
d4θi
8
κ
ξV
]
θi=0
=
∫
d2x
{
−
1
4
(Fab)
2 +
i
2
λ¯i6∂λi +
1
2
(∂aA)
2 +
1
2
(∂aφ)
2 +
1
2
D2 −
1
κ
ξD
}
, (20)
where the last term means the Fayet-Iliopoulos D-term with an arbitrary dimen-
sionless paramater ξ. On the other hand, the quadratic and cubic terms of W ij and
W
ij
5 leads to the mass and Yukawa interaction terms as follows:
SV m =
1
4
∫
d2x m
[∫
d2θi{(W jk)2 + (W jk5 )
2}+
∫
dθ¯idθj(W ikW jk +W ik5 W
jk
5 )
]
θi=0
=
∫
d2x
{
−
1
2
m (λ¯iλi − 2AD + ǫabφFab)
}
, (21)
SV f =
1
4
∫
d2x f
[
1
2
∫
d2θiW jk(W jlW kl +W jl5 W
kl
5 )
+
∫
dθ¯idθj{W ij(W klW kl +W kl5 W
kl
5 ) +W
ik(W jlW kl +W jl5 W
kl
5 )}
]
θi=0
=
∫
d2x{f(Aλ¯iλi + ǫijφλ¯iγ5λ
j −A2D + φ2D + ǫabAφFab)}, (22)
where f is an arbitrary constant with the dimension (mass)1. The actions (20), (21)
and (22) are invariant under the N = 2 SUSY and U(1) gauge transformations (16),
respectively.
6
To summarize, we have shown that the superfield (1) consistently reduces to
Eq.(11) with the minimal (off-shell) set of the comonent fields (va, λi, A, φ,D) in
the WZ gauge (9). The condition (14), i.e. Eq.(15) to maintain the WZ gauge (9)
under the modified SUSY transformations (12) gives the familiar N = 2 SUSY and
U(1) gauge transformations (16). The free (kinetic) action, the mass and Yukawa
interaction terms for the N = 2 vector supermultiplet have been obtained from the
superfield (11) as in Eqs. from (20) to (22). The extension of this N = 2 superfield
formulation to d = 4 is an important problem which is now in progress. Also the
coupling of matter supermultiplets to the N = 2 superfield (1) is an interesting
problem under study.
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